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Abstract. In this work the scattering from an infinite dielectric cylinder embedded into
another cylinder is considered. In the case of an eccentric circular cylinder the problem is
solved using the classical separation of variables techniques combined with related trans-
lational addition theorems. When the difference in the indices of refraction of the cylinders
is small a perturbation series is developed up to second order. For non-circular arbitrary
inhomogeneities, an integral equation method is developed by employing the homogeneous
scatterer Green function, Numerical results are computed for circular cylindrical inhomo-
geneities; the convergence of the perturbation series and the properties of the scattered field
are discussed.

1. Introduction

Scattering from complex bodies is often used for detecting possible internal inhomo-
geneities and non-symmetries. By observing the field scattered by a body on which
radiation is impinging it is possible to obtain information about its internal structure.
Investigation of cells (Wyatt and Phillips 1972) and of biological bodies (Guru and Chen
1976), remote sensing techniques (Latimer and Pyle 1972) and detection of imper-
fections inside optical waveguides and lenses and straightforward examples.

The literature on scattering from inhomogeneous scatterers is mostly concentrated
on scatterers with radially stratified dielectric distributions (Kerker 1969). In this work
the scattering from arbitrary infinitely long dielectric cylinders embedded into other
such cylinders is considered (see figure 1). With n’ and n denoting the corresponding
indices of refraction of the cylinders a perturbation series in powers of (n'—n) is
developed that allows quick and simple evaluation of the external and internal fields for
small values of (n'—n). In particular, the case of an eccentric circular inhomogeneity
(see figure 2) is solved by employing separation of variables together with related
translational addition theorems for cylindrical wavefunctions. In this way satisfaction
of the boundary conditions at both interfaces leads to appropriate sets of linear
equations for the determination of the expansion coefficients. Then a perturbation
series in powers of the difference (n'— n) is developed which allows an analytic solution
to second order in (n'—n). The series can be easily extended to include higher-order
terms.

For non-circular inhomogeneities, i.e. for an arbitrarily shaped imperfection as
shown in figure 1, the problem is formulated by the Green function method. For
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Figure 1. Infinitely long cylinder geometry with arbitrarily shaped inhomogeneity.

Figure 2. Circular inhomegeneity inside a circular infinitely long dielectric cylinder.

three-dimensional scatterers—such as spheres with internal inhomogeneities—the
problem has also been investigated and will be published elsewhere.

Numerical results have been computed for several cases; the convergence of the
perturbation series and the scattering properties of such complex scatterers is also
discussed later in this paper.

2. Eccentric circular inhomogeneity

The geometry of the problem is defined in figure 2, where q, b are the outer and inner
cylinder radii, while the inter centre distance of the cylinders is represented by d. The
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refractive indices of media I and Il are n and n' respectively. The inner cylinder centre
1s assumed always to be on the negative x axis. The wavenumber of free space, region
I11, is denoted by ko. Both E- and H-wave polarisations will be considered at the same
time. The incident wave impinging normally on the z axis has the form

Eo(x, y) = Z exp(ikor, cos(¢, ~ ¢o)) (E wave) (rn=a)

(1)
Ho(x, y) = Z exp(ikor, cos(d — o)) (H wave)

where ry, ¢, are the polar coordinates and ¢, is the direction of propagation of the
incident wave. The assumed time dependence is exp(—iw?).

Since the fields are independent of the z coordinate, scalar potentials can be used to
describe them. The incident wave can then be expressed as

WEH = explikor, cos(di— b)) = 3 i™Jm(kor) explim (s — o). (2)

m=—co

For the regions I and II of figure 2, the fields can be expanded into cylindrical
wavefunctions with respect to the origin O, as follows:

vt = Sio (ar T (nkory) + bR Y, (nkor,)) exp(imes) (r2=b) 3)

Yit= Y e n(n'korz) explime,) (ra<b) (4)

where r,, ¢, are the cylindrical coordinates with respect to the origin O, and J,,, and Y,
are the usual cylindrical Bessel and Neuman functions. Employing the boundary
conditions at r, = b

VE=¥E oVE/ar,=oVE/or, (5)
and
=yl n 2oV ar,=n"" oW/ or, (6)

and using the identity z, (x) = (n/x)z.(x) — z,+1(x) for the Bessel functions the follow-
ing equations are obtained:

&_ X]m+1(x)~]m(x’)_x’ m+1(x’)-,m(x) _

E '
af‘ _xr]m+l(x¢)ym(x)_x]m(xr)Ym+1(X)_Fm(x , X) Y]
and
H ' N_ ' ! !
b_m_ xjm(x)Jm(x) xjm(x)]m(x) =Ff:(x',X) (8)

am X Tn(x)Y i ()= 2T 1 (') Y ()

where x = nkob, x' = n'keb.
The translational addition theorems for cylindrical wavefunctions transform the
expansion of Wi around the origin O, to an expansion around the origin O,.

Assuming that the point (r;, ¢1) is always outside the circle with diameter Q,0, the
addition theorem from Stratton (1941) and appendix 1 has the form

Z,.(nkorz) explime,) = f -k (D Zx (nkory) exp(iKe) 9

K=-c

where r;>|d cos ¢4|, Z,.(x)=al,(x)+bY,(x) is the general Bessel function and
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t = nkod. Substituting equation (9) into equation (3) the field with respect to the origin
O, is expressed as

+00

VEH= Y (2B T T xl0k(nkon) exp(iKe,) +bEN

m=—0oc K=-

X Z Jm K t)YK(nkorl) exp(1K¢1)>

K=-o

+oC

= Y (ARFTI(konr)+BeMY,, (konry)) exp(ime) (10)

m=-—0o0

where a redefinition of indices has been used and the new coefficients are given as

AE,H ‘oo oEH

2 JKmt)

BE.H ol bE H- (1 1)

Also, the expansion of equation (10) can be transformed back with respect to the
origin O,, again using the addition theorem. In a way analogous to the previous
procedure we can find the following relations:

oEH 4w AEH
e H = T (t : 12
b = o Tk (O e 12

The scattered field outside the main scatterer (i.e. r,>a) can be expanded in terms
of cylindrical wavefunctions as

VeH =Y dEMHDY (kory) explime). (13)

m=-o0

Expanding the incident plane waves of equation (1) in terms of cylindrical wave-
functions as shown in equation (2), substituting equations (13) and (10) into the
boundary conditions at r; = a,

=YEryf aWT/ar, = (8WE/ar) + (0WE/ar) (14)
and
VH-yl ¢l n2 oWt or = (0¥ /or) + (0¥ E/or) (15)

the following equations are obtained:

AL () +BE Y (y) =1, (v) exp(—imeo) + d 7 H,, (v) (16)
AryI () + By Y, (y)=i"v]\ (v) exp(=imeo) + d LvH L, (v) (17)
AR (y)+BEoY L (y) =i"yJ (v) exp(—imeo) + dHyH |, (v) (18)

where y = nkoa, v = koa.
By eliminating the scattering coefficients d 5, d.' from equations (16), (17) and (18)
and by using equations (7), (8), (11) and (12), an infinite set of equations is obtained as

AT =2i""" exp(—imgpo)PEH(y, v)~ DEH(y, v) ; Jeem(OFE (x', x) Y AS Tk _s(1)
S
(19)
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where

DE(y, v) = YY st (V) Hm (0) = You (y) Hi 1 (v)0

Y H (00 m a1 () — T (y) Hom a1 (0)0 0
H VY (W) Hm(0) = Y (y)Hu(v)v

Dy o) = N H o (0) T (9 H o (0)

1

E -

Py ) = o Tmes ) T3 Hona(0)0) oy
Ph(y,v)= Y

0 (YT (Y )H 1 (0) = 0] (y) Hi (0))

The infinite set of equations (19), being the result of what is sometimes called in the
literature a mode-matching technique (Mittra and Lee 1971), can be solved directly
numerically by truncating the summations in order to obtain a matrix equation
(Harrington 1968, Mittra 1973). However, whenever (x'—x) is small analytical
procedure can be developed. Observing from equations (7) and (8) that

Fi‘H(xly x)lx'=x= 0
the following Taylor expansion can be written:
Frlx, x)=(x"=x)FR (D) + ' —x)?AEH2)+. . .. (22)

The expressions for Fr. " (1) and F5¥(2) are given in appendix 2.
Assuming also an analytic expansion of the form

AEH = ABH(O) 4 (x' = x)AEF (1) + (x' - x)?PAEH) +. .| (23)

and substituting equations (22) and (23) into (19) yieids the following expressions for
the perturbation coefficients:

An"(0)=2i""" exp(~impo)Pr" (y, v) (24)

AR =-D5"(y, v) _Z_wJK m(OFRH (1) _Z_wA R0)k-s(t) (25)
AR @=-DE" () T JeenFRED) T AF W50

+ ¥ T FRTO) ¥ AFO s 26)

Obviously this perturbation can be continued mdeﬁmte]y at the cost, however, of
increasing the complex1ty of the coefficients F¥ (n) After determining the set of
coeflicients A H e can eliminate the cofficients B H from equations (16), (17) and
(18) and obtain simple expressions for the scattered field coefficients % in terms of
AEH These are then used to find the scattered field

V5t =(2/mkor1)'? explikor; — 5im) G (1) 27)
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in terms of the scattering amplitude GE'H(¢1), which is defined as

GEH(p)= 3 dEHi™ explimay). (28)

m=—0oC

Numerical results for eccentric circular inhomogeneities are presented in § 4.

3. Arbitrarily shaped inhomogeneities; the Green function method

For the case of an arbitrarily shaped inhomogeneity the method of separation of
variables cannot be used. Since the boundary conditions for r, = a are regular a Green
function method is suggested as follows. Only the E-wave polarisation will be
considered. Analogous results hold for the H-wave polarisation.

In order to determine the Green function for the homogeneous cylinder (Jr| < a) (see
figure 1), we use the method developed by Sommerfeld (1964). The Green function is
defined as the response field to a unit source excitation. The primary field from a unit
excitation at r' is given as

+

Golr, r') = 3iHo(kolr — r'|) = i Jm(nkor<)Hp(nkors) explim(¢ — )] (29)

m=—cc

8

min
where r< = (r,7yand r' < a.
max

The induced field inside the cylinder can be expanded into a sum of cylindrical
wavefunctions as

Gi(r,r)= X fulm(nkor) explim(¢ — )] (30)
and the field outside can be written as
Gar,r)= ¥ gmH.n' (kor) explim(g — 6] (31)
The Green function defined as the total field of the unit excitation is given as
Gir,r)=Golr,r)Y+Gyr, r) for|rj<a
(32)
=Gy(r, 1) for r|=a.
The unknown coefficients f,., g are determined by using the boundary conditions
Go+Gi =G, (8Go/or)+ (3G /or) =8G-/or for|r|=a (33)
and after some lengthy algebra the Green function is obtained in the form:

+oC

G(r,r)=; Y. explim(¢ —¢)Tn(r, r) (34)
where
T (r, ') = T (nkor)J o (nkor YDy, v) = Jom (nkor<) Y, (nkors) forr=a
35
= H,,(kor)Jm(nkor')Pr(y, v) forr=a (35)

and r'<a.
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Using the standard Green theorem and the theory of Green functions (Morse and
Feshbach 1953) we obtain the relation

WE(r) = Bo(r) + k3 (n'*—n?) J dr' G(r, )¥E(r) (36)
11
where

Do(r) = V5(r)+ ki (n* - 1)j G(r, r)¥5(r) dr. (37)
I+II

Note that if both r and »’ are restricted inside region Il in equation (36) we obtain an
integral equation for the field inside the region of inhomogeneity. If this is determined
from the integral equation it is a straightforward matter to obtain the fields inside region
I and the scattered field by using equation (36) for r €1 and |r| > a respectively. Since
for an arbitrary shape it is not expected that equation (36) can be solved exactly, an
approximate technique must be used. A Galerkin procedure or a Born approximation
can be applied.

Finally, it should be noted that for a circular inhomogenity, as shown in figure 2, the
field inside the inner cylinder (i.e. r» < b) can be described by an expansion such as the
one given in equation (4). From this expansion exactly the same results are obtained by
solving the integral equation with those of § 2. This provides a valuable check on all
previous formulae and results of the paper.

4. Numerical computations

Numerical computations have been carried out for eccentric circular inhomogeneities.
A computer program has been developed for the E and H incident wave cases. The
coefficients AZH(0), AEH(1) and ALY (2) are computed by using equations (24), (25)
and (26) where the convergence of the series is ensured by including in the summation
terms of index |K —m| larger than r. Bessel and Neuman functions are computed by
standard routines based on well known methods (Abramowitz and Stegun 1961). More
specifically, |K —m/| was extended up to 2y and the convergence of the series was
checked in each individual case numerically. In tables 1 and 2 results are given for the
coefficients AZ(0), AE(1) and AE2), corresponding to small and large eccentricities
(i.e. t), respectively. It is shown that for r« 1 only the dominant partial waves are

Table 1. Convergence of perturbation series coefficients for n=1-3, a=5-0, =03,
d=03, k=10, ¢=0-0.

m Af(0)= (=D)AL (0) AL =-D"AL (1) ALQ)=(-1D)"AL . (2)
0 1:96(-1)+i1-02(0) —-5:00(—-1)+i4:59(-1) —8:82(-1)+18-11(-1)
1 -9.22(-1)-i1-69(-2) 1-01(-1)-13-74(-2) 1-78{~1)—16:34(-2)
2 —-2-77(-1)-i1-09(0) ~1:05(=2)+11-14(-2) —1:90(—2)+11:94(-2)
3 8:03(-1)—i2-53(-1) 3.97(-4)—i4:02(—4) 7-27(—-4)-i6:75(—4)
4 2:67(-1)+i1-01(0) —4.22(-5)+11-84(-5) —-7-56(-5)+1i2-78(~5)
5 —6:15(-1)+i1-05(0) 6:22(-7)—12:41(-6) 1-:39(-6)—i4-11(-6)
6 —-6-00(—-1)—i4-17(-2) 4-81(—-9)+i2:52(-8) 4:53(-9)+14-43(-8)
7 2:69(—3)—13-50(-1) 5:77(—10)+i1-35(-10) 9-69(—10)+i3-33(—10)
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Table 2. Convergence of perturbation series coefficients for n =13, a=5-0, 6=0-3,
d=4-0, k=10, ¢o=0-0.

m AL (0)=(-1)"AL.(0) AL()=(-D"AL (1) ALQ2)=(-D"AL .(2)
0 1:96(—1)—i1:02(0) 3:00(—2)+i5:48(-2) 5:41(-2)+19-40(-2)
1 —9-22(—1)—i1:69(-2) —2-48(-2)—i1-46(—1) —-4-26(-2)—i2-55(-1)
2 —2:77(-1)-11:09(0) 1-38(~2)+i5:15(-3) 2:20(-2)+i1:12(=2)
3 8:03(—1)—12-53(-1) 4-67(=2)+i1:06(-1) 8:21(-2)+i1:84(—1)
4 2:67(-1)+11-01(0) 2:72(-3)-i2:32(-1) 5:97(=3)—-i4-06(-1)
5 —6-15(-1)+i1-05(0) 1:70(-1)+i1-54(-1) 2:96(—1)+i2:71(-1)
6 —6-00(-1)—i4-17(-2) 3:60(-2)—il1:35(-1) —6-29(-2)—12-42(-2)
7 2:69(-3)—1i3-50(-1) -1:01(=2)+i9-03(-3) —1-80(-2)+i1:56(-2)

distorted whereas for kd ~ ka (i.e. y =) aspread to all of the partial waves occurs. Note
that the convergence of the perturbation series is determined from the value of
x'—x =(n"—n)kob, i.e. the additional phase-shift inside the inhomogeneous region.
The convergence of the series in equation (28), for the scattered field, is determined
from the size of nkoa =y. As in ordinary scattering (by homogeneous circular cylin-
ders) the number of terms which must be summed is slightly larger than y = nkoa. For
H -wave polarisation a similar behaviour is observed. In figures 3 and 4 scattering
patterns for a specific scatterer are given. Note that, even for a small value of
kob(n'—n), the asymmetry of the side lobes is detectable. It should also be noted that
within the restriction |x' — x| < 1 the method can be used for any values of koa, kod and
n. This is an advantage over certain numerical methods, such as the method of
moments, where the matrix size could be a restrictive factor for the case of large koa,
kod and » values. Finally, in table 3, and for several incident wave directions, the total
(o) and backscattering (og) cross sections are evaluated for a specific scatterer. It can
be seen that o undergoes an almost 60% change or a 0° to 90° change in the direction
of incidence. This is an indication of the existing inhomogeneities.

T T 1 T T T T T T
0 40 80 120 160 200 240 280 320 360

¢ (deg)

Figure 3. Scattering intensity |G" ()| as a function of ¢ for an eccentric circular inhomo-
geneous cylindrical scatterer, ko=1-0, d=4'0, n'=2.0, n=1:3, a=5-0, b=0-3 and
=0-0.
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T T T T T
0 ] 80 120 160 200 240 280 320 360

¢ (deg!

Figure 4. The same scatterer of figure 3 with ¢ = i

Table 3. Total (or) and backscattering (og) cross sections for k =1-0, a =50, b=0-3,
n'=2-0,n=13,d=4-0 and several incident waves.

o Polarisation oT oB

0° H 3.44 1-56
90° H 3:46 1-40
0° E 3-58 1-26
90° E 3.66 2:00

5. Conclusions

The problem of scattering from arbitrarily shaped inhomogeneous cylindrical scatterers
is investigated. For eccentric circular inhomogeneities embedded in a circular cylinder
a perturbation technique is developed. The perturbation series expansion parameter is
proportional to the index of refraction difference between the outer and inner cylinders.
The method is very powerful from the computational viewpoint. For a general,
arbitrary inhomogeneity a Green function approach is developed which can be easily
applied in conjunction with numerical or perturbation techniques. Numerical compu-
tations show that valuable information can be obtained about the inner structure of a
body by observing the field scattered from it.

Appendix 1. Proof of the cylindrical translational theorem

According to Stratton (1941, p 374) and the related figure in the same reference we
have

H\ (Ary) expling) = +Z°O JmAr)H L o (A1) explim (8 — 6,)]

m=-—-o0
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for |r|>|ro cos(8 — 6,)|, where ¢ = 8, — 6. Since we always use 8; =0 we have

Hﬁl)(Arl)exp(in01)= Y Jm(,\ro)Hﬁ.lim()\r)exp[i(m+n)0]

m=—c0

Y Jk-a(Ar) HR (Ar) exp(iK0)

K=-x

where we have redefined the summation index. The last expression is exactly the same
as our equation (9).

Appendix 2. Expansion coefficients for Fr.™ (x’, x)

The perturbation coefficients of equation (22) are obtained by evaluating (7) and (8).
Following some very lengthy algebra and using the recurrence relations for Bessel
functions we obtain

Fr(1) =37 [2mJ o (2)J 1) = X (L1 (%) + T 7 (x))]
Fri(2)=3m[J ar () =T (x) = 2(m/ x)J o (£) 11 (x)]
=37 [ (YmarTm1(x) + Vo (£)J ()]
=Y 1 (X (x) + Y ()T 41 (X))
X (2o () e1(x) = X (1 (%) + T (x))]
FEQ) =—3m{J% (0)lx + (2m/x)]=20m + DI () s (x) + X o1 (x)}
FRQ@)=3m[(m = 12T () a1 (0)x 7 T (x) = T tmr () = (2m = 1)2m/x)J 5 (x)]
+5m T2 (0 + (2m/ )] = 2(m + D () 1 (x) + X 2 eq (x))
X{L(2m/x) + x W (x) Yo (%) + 2T e 1(X) Y s1 (x) = 1+ 1)( Yo 1 ()T ()
+ Yo (X)) +1(x)].
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